We introduce exactly solvable gapless quantum systems in d dimensions that support symmetry protected topological (SPT) edge modes. Our construction leads to long-range entangled, critical points or phases that can be interpreted as critical condensates of domain walls "decorated" with dimension (d − 1) SPT systems. Using a combination of field theory and exact lattice results, we argue that such gapless SPT systems have symmetry-protected topological edge modes that can be either gapless or symmetry-broken, leading to unusual surface critical properties. Despite the absence of a bulk gap, these edge modes are robust against arbitrary symmetry-preserving local perturbations near the edges. In two dimensions, we construct wavefunctions that can also be interpreted as unusual quantum critical points with diffusive scaling in the bulk but ballistic edge dynamics.
I. INTRODUCTION
An overarching goal of condensed matter physics is to identify and classify new phases of matter. Since probing a system amounts to perturbing it and measuring how it reacts, understanding the physics of a phase reduces to the problem of identifying the low-lying excitations that perturbations can create. A natural dichotomy is to distinguish gapless phases, which possess excitations arbitrarily close to the ground state, from gapped ones, which have a finite spectral gap in the thermodynamic limit. Naively, this would suggest gapped systems are featureless at low energy.
Discoveries in recent decades have shown the story is more subtle, as a large class of gapped phases can host gapless excitations localized to edges and defects. Such excitations are protected by a combination of symmetries and the topological properties of the bulk system. These topological phases include long-range entangled systems [1, 2] with intrinsic topological order and bulk anyonic excitations, such as quantum Hall states or spin liquids [3] . They can be further enriched by symmetries [4] [5] [6] [7] [8] [9] [10] . Following the theoretical prediction and subsequent experimental discovery of topological insulators and superconductors [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , attention has turned to short-range entangled phases with topological edge modes protected by symmetry [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . These symmetry protected topological (SPT) phases may be realized in strongly interacting systems, like the experimentally accessible Haldane phase in quantum spin chains [31] . This shift in paradigm from band topology analysis of non-interacting Hamiltonians [32, 33] to strongly correlated systems led to the development of non-perturbative techniques, resulting in an essentially exhaustive classification of gapped bosonic [27, 29, 30, 34] and, to some extent, of fermionic SPT phases [24, [35] [36] [37] [38] [39] . All these phases enjoy a bulk spectral gap and indeed this gap often plays a crucial role in understanding topological phases.
Must systems have a bulk gap to possess the properties of topological phases? Given the prevalence of gapless systems in nature, it is possible that many of the features ascribed to gapped topological systems are "hidden" around their edges [40] . As an example of a step in this direction, it was recently argued that topological phases can survive in non-equilibrium, highly-excited states where there is no notion of a gap [41] [42] [43] . In the less exotic realm of equilibrium physics at low temperature, Weyl and Dirac semi-metals with topologicallyprotected Fermi arc surface states [44] are gapless systems with topological properties that have been experimentally confirmed in several materials [45] [46] [47] . Other examples related to free-fermionic systems include the A phase of superfluid 3 He [48] , power-law superconducting chains [49] [50] [51] [52] and recent proposals for gapless topological insulators [53] and superconductors [54, 55] .
Examples of gapless topological systems [40] are, for the most part, restricted to non-interacting systems. Some exceptions include topological Mott insulators [56] , topological Luttinger liquids [57, 58] , gapless spin liquids [4, 59] , the Gaffnian quantum Hall state [60] , and the composite Fermi liquids in the half-filled Landau level [61, 62] . However, the precise topological natureand edge properties -of many of these systems remains controversial.
In this work, we present a general construction of strongly interacting, long-range entangled, quantum systems that are gapless in the bulk with topological edge modes protected by symmetry. These gapless symmetry protected topological states of matter are generated via a systematic procedure that employs standard tools of gapped SPT phases, making their topological properties transparent. For concision, we refer to them as "gapless SPTs" (gSPTs). Just as normal SPTs can be thought of as "twisted" paramagnets, gapless SPTs can be obtained by twisting ordinary quantum critical points or critical phases. Some examples of gapless SPTs may be produced starting from an SPT and tuning a subset of the degrees of freedom to criticality.
In Section II, we outline the general construction based on the decorated domain wall picture of gapped SPT phases [63] . This yields many examples, but we focus on several with the virtue of being exactly solvable: a topological critical Ising chain and a topological Luttinger liquid phase in one dimension (Section III), and a topological gapless spin liquid in two dimensions (Section IV). In all cases we start with the parent Hamiltonian, find the exact ground state wavefunction, and demonstrate the presence of topologically protected edge modes that must be either gapless or symmetry-broken. Despite the absence of a bulk gap, the topological edge modes in such gSPT systems are robust to arbitrary symmetrypreserving boundary perturbations and require no finetuning beyond closing the bulk gap. In particular, our general construction can be applied to both quantum critical points and gapless phases.
The topological edge modes of gSPTs can be interpreted as giving rise to exotic surface criticality [64] . Below we show this can take the form of anomalous edge magnetization, or the appearance of ballistic dynamics at the edge of a diffusive system. Our construction therefore yields a host of gapless systems that blend the physics of quantum critical and topological systems. gene
II. GENERAL CONSTRUCTION
Consider a bosonic system in d dimensions composed of σ and τ degrees of freedom and symmetry group G σ ×G τ with G σ = Z 2 . Our construction starts from the decorated domain wall picture of SPTs [63] . In this picture, a "trivial" disordered phase ("trivial" paramagnets, Fig. 1 (a) ) is thought of as a gapped condensate of domain walls. Non-trivial SPT phases ("topological" paramagnets, Fig. 1 (b) ) are produced by "decorating" the domain walls of G σ = Z 2 with (d − 1) dimensional SPT phases protected by the symmetry G τ . The protected edge modes appear naturally: domain walls that end at a boundary carry the topologically protected edge mode of the lower-dimensional SPT.
To make a gapless system, we tune the domain wall condensate to criticality (i.e. tune the underlying σ degrees of freedom to criticality). When the domain walls are not decorated, (the "gTrivial" case, Fig. 1 (c) ), this typically tunes the system to an ordinary quantum critical point. For example, in 1D, one can consider the domain walls of a critical Ising chain and, in 2D, one can use the domain walls of an Ising frustrated antiferromagnet. Generically, there is nothing protected about the edge of such gTrivial systems: they may or may not have additional gapless modes at their boundaries.
The crucial step is that one may decorate the gTrivial system with lower-dimensional SPT systems. This leads to a topologically distinct gapless state (called "gSPT", Fig. 1 (d) ) which, in analogy to the gapped case, has the same properties as gTrivial in the bulk, but completely different edge physics. Topologically protected edge modes appear in gSPT that can be gapped out only at the price of breaking the symmetry at the edge (either spontaneously or explicitly). In short, starting from a gapped SPT, one can generate a gapless SPT by making the domain wall condensate critical while keeping the same domain wall decoration. The resulting gSPT systems are tuned to criticality in the bulk, while the edge modes are robust against symmetry-preserving perturbations acting near the edge. Even though some of the examples we treat in this work correspond to critical points, as opposed to gapless phases, this is by no means a limitation of our construction. (To be clear, gapless SPTs are not "symmetry protected gapless phases" [65] [66] [67] -the gaplessness of the bulk theory is not protected by symmetry.) As we will show explicitly below, the same construction of applying the SPT decoration can be performed in gapless phases, such as Luttinger liquids in 1D [57] or gapless spin liquids in 3D [68] , to obtain gapless SPT phases.
Lattices used throughout this paper to construct SPT and gSPT wavefunctions in one (Top) and two dimensions (Bottom: Triangular and Union Jack lattices). The control-Z twist operator used to obtain non-trivial SPT order gives a factor of (−1) to links with two down spins in the 1D case and triangles with three down spins in the 2D case, as exemplified by the green shading.
More generally, gSPTs are as stable as their underlying gTrivial states before applying the decoration. In particular, gSPTs have exactly the same spectrum as their parent gTrivial systems on closed manifolds, since they are related by a local unitary transformation.
III. ONE DIMENSION
This section provides a first example of a gapless SPT in one dimension, combining the features of a wellunderstood 1D gapped SPT and of the critical Ising model. Starting from a gapped SPT with Z 2 ×Z 2 symmetry, we bring one of the spin species to criticality and argue in this exactly solvable limit that this gapless system has topological edge modes. Going beyond this exactly solvable limit, we numerically demonstrate the robustness of these symmetry-protected topological edge modes against arbitrary symmetry-preserving perturbations.
A. Gapped Z2 × Z2 SPT To set the notation, we first recall the construction of a gapped SPT with Z 2 ×Z 2 symmetry in one dimension [30, 43, 63, 69] , which is closely related to the experimentally observable Haldane phase [31, 70, 71] . Consider a spin-1/2 chain with two alternating spin species: σ (on sites i) and τ (on sites i+
We will show that, just as with H Trivial and H SPT , H gTrivial and H gSPT have the same bulk properties but differ at the edge. Namely, H gSPT supports topological edge modes. This difference can also be interpreted as a difference of (conformally invariant) boundary condition for the Ising conformal field theory (CFT): the edge modes of H gSPT effectively lead to fixed boundary conditions (whereby the spins at the edge are held fixed, either up or down), while H gTrivial has a free boundary condition. Note that fixed boundary conditions for an Ising CFT normally require the symmetry to be explicitly broken at the edge. Obtaining such boundary conditions for an Ising-symmetric Hamiltonian is therefore highly unusual and a signature of the anomalous character of the boundary properties of H gSPT .
To see how this comes about, consider the exactly solvable case of H gSPT on a semi-infinite chain i ≥ 0 starting with σ 0 . (For both H SPT and H gSPT , the term σ z i can be computed for the state |Ising ± , for which it is known to decay as x −1/8 , where x ∝ i is the distance from the edge [73] . Of course, the wavefunctions (8) break the G σ = Z 2 symmetry at the boundary, and the true groundstates will be symmetry-preserving cat states |Ψ gSPT + ± |Ψ gSPT − . However, as in regular symmetry-breaking, a minute boundary field h B σ z 0 (or bulk field h i σ z i ) is enough to pick either |Ψ gSPT + or |Ψ gSPT − , thereby leading to a non-zero magnetization which decays into the bulk as
This is in stark contrast to the gTrivial case where the boundary condition is free, the ground state is nondegenerate and the magnetization is zero, both at the edge and in the bulk [74] . Note that the bulk magnetization m bulk = 1 L i m i also vanishes for gSPT in the limit L → ∞, although very slowly: m bulk ∼ L −1/8 (L is the system size).
Using standard density matrix renormalization group techniques [75, 76] , we numerically compare the typical magnetization profile for gSPT and gTrivial systems with open boundary conditions. We include small but arbitrary symmetry-preserving boundary perturbations, and a small g τ i τ z i−1/2 τ z i+1/2 term that gives a non-zero correlation length to the gapped τ spins. In the presence of a magnetic field much smaller than the CFT finite size gap, we find a clear qualitative difference between gSPT and gTrivial systems (Fig. 3) .
The properties of H gSPT are robust and not a product of fine-tuning. They are stable in the presence of any symmetry-preserving perturbations, as long as the τ gap is not closed and the σ spins remain critical. The entire phase boundary between the non-trivial SPT (paramagnet) to a ferromagnet has the character of a gSPT, and we expect our conclusions to broadly apply to more general phase transitions between SPT and broken-symmetry phases.
We add several types of perturbations to H gSPT and consider the generalized Hamiltonian
where
Here, δ parametrizes additional terms at the edges, g τ gives a non-zero correlation length for the τ spins, u σ and u τ are interaction terms for the σ and τ spins to take them away from integrable points, and γ couples the σ and τ sectors. The parameter ∆ τ controls the gap of the τ spins, which is used to improve finite-size convergence in exact diagonalization (ED). We choose the parameters u σ , u τ , g τ , and γ so that the τ spins remain gapped, deep in their paramagnetic phase, and we tune a single parameter g σ to bring the σ spins to criticality. Using exact diagonalization, we identified the location of the new critical point by studying the finite size crossing of the gap of the system (see phase diagram in Fig. 4(a) ). We have verified that H gSPT has gapless edge modes and anomalous magnetization for the parameter ranges 0 ≤ u σ , g τ , u τ , δ ≤ 0.2 and 0 ≤ γ ≤ 1.
Away from the exactly solvable limit described in the previous section, the exact degeneracy of the groundstate is lifted by quantum fluctuations. There are two nearly degenerate groundstates which correspond to cat state superpositions |+ 1 + L ±|− 1 − L of the edges modes. The splitting between these two cat states with lowest energy remains generically protected by the gap of the τ spins and is exponentially small in system size, well below the finite size CFT gap that scales as ∼1/L. The first excited states are also cat states corresponding to the configurations |+ 1 − L , |− 1 + L of the edge modes. They are power-law split from the two groundstates because the anti-aligned edge modes induce a change of boundary condition (Fig. 4(c) ). In the CFT language, this corresponds to the insertion of a boundary condition changing operator [77, 78] , which leads to a finite-size gap πv F 2L for a system of size L [79] with v F the Fermi velocity. Figure 4 (b) shows the anomalous magnetization of the low-lying eigenstates for non-trivial parameter values, consistent with the above picture.
In conclusion, this system provides an example of a 1+1D gapless SPT as a decorated critical Ising model. We showed that the anomalous edge properties of H gSPT are robust, and do not require any additional fine-tuning beyond making the σ spins critical. This gSPT state can also be interpreted as a quantum critical point between a non-trivial SPT and a ferromagnet, although we emphasize again that our general construction also applies to gapless phases, including Luttinger liquids in 1D (see below). The presence of exotic edge properties at this transition stands in contrast to previous works on transitions between trivial and non-trivial SPTs [80] [81] [82] [83] . This should admit straightforward generalizations to Potts models and parafermions in the case of a Z N × Z N symmetry. Numerically, the anomalous edge magnetization even appears to survive disorder. Because of the unitary twist relating H gTrivial and H gSPT , the stability of the gSPT critical point against disorder is determined by the Harris criterion for the gTrivial system (disorder is irrelevant if the correlation length exponent satisfies ν ≥ 2/d), and by the gap of the τ spins. gSPTs should therefore be as stable against disorder as their gTrivial counterparts before applying the unitary twist. Moreover, even if disorder is relevant, we expect that disordered examples of gSPT systems could be uncovered by studying the boundary physics of twisted infinite randomness critical points [84] . This could lead to "topological" random singlet phases both at zero temperature [84, 85] and in the context of many-body localization [86] [87] [88] . Furthermore, the possible presence of a strong zero mode [89] [90] [91] in such models should be investigated.
The presence of a quantum critical point in the preceding example is a special case; our construction can be applied not only to gapless points, but equally well to lines or phases. To emphasize the generality of our construction, we now present a gapless SPT phase in 1D.
We start from a ("gTrivial") gapless phase in 1D -a Luttinger liquid [94] . The systematic nature of our construction allows us to closely follow the Z 2 × Z 2 example above, but we will enforce an additional U (1) symmetry on the gapless σ spins in order to lock them into a gSPT . For both cases, and spectra are normalized to be able to read off CFT operator dimensions. The conformal blocks are labelled by the magnetic charge sector m and spaced horizontally, and small horizontal spacings show degenerate eigenvalues (up to exponential splitting). One can see that the states in the gSPT case are all doubly degenerate, due to the edge modes, but also that operator dimensions have changed relative to the gTrivial case. The numerical spectra were computed via DMRG [92] on up to 32 sites with finite-size scaling, and the solid lines correspond to the exponents expected from boundary CFT using ∆ eff = − cos πg [93] . To improve convergence, the gap on the paramagnetic sector was increased from one to ten. Luttinger liquid phase. We start from the Hamiltonian
which describes gapless σ spins (XXZ model) coupled through the α term to gapped Ising τ spins deep in their paramagnetic phase (u τ and g τ are small). (Note that in contrast to the usual convention for the XXZ spin chain, ∆ adjusts the magnitude of the σ y σ y interaction, to make the symmetries more convenient.) This has a U (1)
i+1/2 respectively. Assuming that α is small, the gapped τ spins can be integrated out to renormalize the anisotropy parameter ∆ eff = ∆ − α τ
x . The resulting σ spins are gapless for −1 < ∆ eff ≤ 1, and form at low energy a (single channel) Luttinger liquid phase with effective Lagrangian
with ∆ eff = − cos πg, φ a compact boson with unit compactification radius. (We set the Fermi velocity to v F = 1 for simplicity.) Upon applying the unitary twist (3) and following the same steps as above, one can readily show that the twisted Hamiltonian H LL gSPT = U 1D H LL gTrivial U 1D has edge modes in the limit α = g τ = u τ = 0 [95] . These topological edge modes are robust and persist away from this special limit as long as the gap of the τ spins does not close. Similarly to the Z 2 × Z 2 example above, the edge modes can be thought of as inducing a spontaneous edge magnetization along the z direction, which in turn induces a change of (conformally invariant) boundary conditions [96] . Using standard bosonization techniques, the edge modes can be seen to lead to a doubly-degenerate spectrum of boundary critical exponents that can be obtained from the gTrivial case through the substitution g → 1 4g [93] . (Note that this is in sharp contrast with the Z 2 ×Z 2 gSPT discussed above where the edge modes only led to degeneracies and did not modify the value of the critical exponents). We have checked these predictions and the robustness of this topological Luttinger liquid (gSPT) phase using exact diagonalization and DMRG calculations [93] .
We emphasize that contrary to other examples of topological Luttinger liquids previously discussed in the literature [52, 57] , our construction does not rely on the spin charge separation property of Luttinger liquids. Instead, our decorated domain wall construction provides us with a systematic way of generating strongly-interacting gapless SPT phases, while making their topological transparent in clear analogy with gapped SPT systems.
IV. TWO DIMENSIONS
To showcase the range of our general construction, our second example is a more involved system in 2D. However, the construction is parallel to the last section. We first define the model and then proceed to analyze its behavior in subsequent sections.
This example has a G σ × G τ = Z 2 × (Z 2 × Z 2 ) symmetry where the domain walls of G σ = Z 2 will be decorated with (gapped) one-dimensional SPT states protected by
Following the well-known construction [30, 69] , a parent Hamilonian for a non-trivial Z 3 2 SPT is given by H SPT = U 2D H Trivial U 2D , where U 2D = ∆ ijk CCZ ijk is a local unitary operator that applies a three-qubit operator on each triangle of three neighboring ABC sites (see Fig. 2 ). This control-control-Z operator gives a −1 for three down spins and +1 otherwise: CCZ ijk = (−1) δ ↓↓↓ . One can check that, for each edge jk of A that hosts a σ domain wall, U 2D applies the 2-qubit control-Z operator CZ jk on the τ spins j and k. This unitary therefore applies U 1D to the τ spins living on each domain wall of the σ spins, thereby decorating them with a 1D SPT chain protected by a Z 2 × Z 2 symmetry. Explicitly, we have
where the σ and τ spins are now coupled through the phase factor e iθ2D(σ z ,τ z ) which takes care of the domain wall decoration:
where the product is over the domain walls of σ z , denoted by {dw}, and where e iθ1D(τ dw ) is defined in the previous section, and applied to the τ spins living on a given domain wall dw.
For a region with an edge of B and C sites, U 2D does not modify the G τ symmetry generators C B and C C , but does lead to additional boundary terms in U 2D C A U 2D = a∈A σ x a ∂A * CZ where CZ is a control-Z gate giving a (-1) factor if two successive B and C boundary spins are down. We can write down the edge theory of this Z 3 2 SPT following Levin and Gu [28] by including all terms allowed by the symmetries, such as τ Using standard duality arguments, the edge theory can be thought of as two coupled Ising models tuned to their self-dual critical points (also known as the Ashkin-Teller model [97] ). After bosonization, the edge excitations can be described by a Luttinger liquid [94] with central charge c = 1 at the electromagnetic self-dual point
where φ, θ are compact conjugate bosonic fields with unit compactification radius. The edge is protected by the symmetries φ → ±φ + π, θ → ±θ + π, and φ ↔ θ (note that the last symmetry is generated by the symmetry exchanging B and C spins). The vertex operators cos 2φ and cos 2θ correspond to products of the energy operators of the two Ising models. They are marginal perturbations that can be absorbed by renormalizing the Luttinger parameter and the sound velocity [98] .
A. gSPT wavefunction
Now we tune the σ spins to criticality by imposing the constraint that the domain walls of the σ z -spins must be fully-packed loops (FPL) [99, 100] . On the triangular lattice, this corresponds to a natural physical constraint: the allowed σ z states are the maximally antiferromagnetic ones which, due to frustration, are known to have extensive degeneracy and power law correlations [101] . On the square lattice, the FPL constraint is equivalent to the ice rule of the 6-vertex model [102] . For concreteness, we focus on the triangular lattice, for which the fully-packed loops live on the dual honeycomb lattice. For a given site a ∈ A, let P a be the projector onto allowed configurations (i.e. configurations that respect the constraint for the six triangles surrounding a) and let P a be the projector onto allowed configurations for which a is "resonant" (i.e. configurations that would still respect the constraint after flipping σ z a ). Since P a and P a are only functions of the σ z operators on a and its neighbors (on the A lattice), they are local operators. Then the gTrivial Hamiltonian is (still with G σ × G τ symmetry)
where Λ → ∞ is an energy cost to penalize configurations that do not respect the constraint. To find the exact ground state, note that the τ spins are completely decoupled from the σ spins. For the σ degrees of freedom, we can follow the standard argument due to Rokhsar and Kivelson [103] . The σ part of H gTrivial is a sum of projectors and is therefore positive semi-definite. Thus, the (unnormalized) state
an equal-weight superposition over all σ z states that satisfy the constraint (denoted {σ z }) times a paramagnetic state for the τ spins, has zero energy under the σ part of H gTrivial and is hence an exact ground state. Equal-time σ z -correlation functions in the ground state are described by correlation functions in the 2D FPL model with loop fugacity n = 1 [99, 100] , or equivalently by correlation functions in the zero temperature triangular lattice Ising antiferromagnet [101] .
Using standard mappings onto dimers and height models [99, 100] , the continuum limit of the 2D FPL model can be identified as a c = 1 compact boson CFT L = g 4π (∇ϕ) 2 − γ cos 3ϕ with g = 1 2 and ϕ ≡ ϕ + 2π so the perturbation cos 3ϕ has scaling dimension ∆ = 9 and is irrelevant. Following Refs. [104] [105] [106] , we quantize this theory to identify the 2+1d effective field theory describing the low energy physics of H gTrivial as the z = 2 quantum Lifshitz model (QLM) with (Euclidian) Lagrangian density
tuned to k = 0 with κ = 1/(8π) to reproduce the equaltime antiferromagnetic spin correlations on the triangular lattice. This constitutes an effective field theory for the gTrivial order on a closed manifold, and is manifestly gapless. Equivalently, one can also think of this quantum critical point in terms of a dual U (1) gauge theory with a quadratic photon mode [106] .
The stability of this quantum critical point has been studied in various contexts [105, 107, 108] and depends on crystalline symmetries, with the important relevant perturbations in our case being magnetic operators breaking the FPL constraint, and k (∇ϕ) 2 that makes cos 3ϕ relevant and opens up a gap (this can be equivalently interpreted as the instability of the deconfined phase of U (1) gauge theories in 2 + 1d [109] .) In the following, we will assume the bulk is tuned to this quantum Lifshitz critical point. The Z 3 2 symmetry discussed above acts trivially on ϕ but the theory (18) has additional crystalline symmetries corresponding to three-fold rotations ϕ → ϕ + 2π/3 and inversion ϕ → −ϕ. A similar field theory can be obtained on the square lattice [110] .
An example of 2+1d gapless SPT order is now obtained by decorating H gTrivial ,
Its ground state is simply
We will now argue -crucially -that the critical wavefunction |Ψ gSPT has an extra gapless edge mode compared to |Ψ gTrivial , and that this edge mode is protected. This behavior is a hallmark of SPT order, and must be treated with care in this gapless context. We will therefore present three independent arguments for it: (1) effective field theory and boundary renormalization group (RG), (2) bulk-boundary correspondence, and (3) entanglement spectrum calculations with numerics. Each argument separately confirms a gapless c = 1 edge in the gTrivial case and a gapless c = 2 edge in the gSPT case.
B. Edge Field Theory
We first consider the edge modes of the (topologically trivial) gapless state |Ψ gTrivial , Eq. (17), for which Eq. (18) describes the bulk behavior of the σ spins. Because the boundary conditions for the spins are free, we consider Neumann boundary conditions for the field ϕ.
(Note that Dirichlet boundary conditions ϕ| ∂ = 0 for the QLM are RG unstable and flow to Neumann as the normal derivative boundary perturbation (∂ n ϕ)
2 ∂ has scaling dimension ∆ = 2 < z + 1 = 3 and is therefore relevant.) However, it is important that even though the relativistic z = 1 term in Eq. (18) is tuned to k = 0, such quadratic terms have no reason to be set to zero at the edge without additional fine tuning. At the boundary, one should therefore add a lateral derivative boundary term V ∼ δ 2 ∂ dτ dx ∂ x ϕ 2 to the action. Here, x is the coordinate along the edge and δ is a non-universal parameter. The boundary perturbation ∂ x ϕ 2 is relevant and we conjecture that in the IR, it endows the edge with z = 1 dynamics (forgetting the slower z = 2 bulk dynamics). This leads to the effective low energy action for the edge theory of the QLM
where the dots represent less RG-relevant terms. This is the action of a 1+1d compact boson CFT with central charge c = 1. We emphasize that the effective Luttinger parameter is non-universal and set by the value of δ, which depending on microscopic parameters could lead to a gapped edge because of the cosine terms dropped in (21) . The existence of this edge has nothing to do with the SPT and indeed the symmetries (C A , C B , C C ) act trivially on ϕ. The σ spins therefore have a z = 2 bulk with diffusive dynamics and can have a z = 1 edge with ballistic dynamics. To our knowledge, edge modes for gapless systems have been very rarely discussed in the literature [111] [112] [113] [114] [115] . The presence of an edge is confirmed numerically below. We now turn to the edge theory of the gSPT wavefunction (20) . Upon integrating out the gapped τ degrees of freedom, we expect the bulk low-energy theory to be described by (18) with k = 0, where the boundary actions (15) and (21) (both with non-universal Luttinger parameters) are coupled through all symmetry-allowed perturbations. The essential point is that the SPT Z 3 2 symmetry acts trivially on ϕ, so perturbations such as cos(ϕ − φ) that could generically gap out the edge are not allowed by symmetry. Intuitively, coupling the two edge theories does not increase the number of symmetryallowed perturbations, since they are protected by distinct symmetries. There is therefore a finite range of Luttinger parameters for which the edge is gapless with central charge c = 2. Moreover, the SPT part of the edge, described by Eq. (15), is symmetry protected as it can only be gapped out by condensing φ or θ, thereby spontaneously breaking the Z 3 2 symmetry. A related mechanism for non-interacting gapless topological superconductors and insulators has been discussed in Ref. [115] .
Investigating to what extent these edge modes leak into the gapless bulk is a complicated task. In analogy with the 1D case, at least the τ -component of the edge should be exponentially localized despite the critical bulk. Even though the domain walls themselves are critical, the 1+1d SPT chains that live on them are still gapped. Therefore, when a domain wall ends at a boundary, there is a free spin 1/2 living at the end point (see Fig. 1 ) whose only way to move towards the bulk is along the domain wall, which is forbidden by the 1+1d SPT gap. We thus expect the free edge spins to be exponentially localized, where the localization length is given by the gap on the 1+1d SPT chains.
C. Bulk-boundary correspondence
The bulk-boundary correspondence for fractional quantum Hall (FQH) states [116] [117] [118] [119] is a powerful technique whereby a FQH wavefunction is written as a correlator in a CFT. When it is unitary, the CFT also gives the edge and entanglement spectra [120] [121] [122] . This correspondence was recently extended to SPT wavefunctions [123] (see also [124] ) and we build on this result in this section.
Starting from an SPT wavefunction, a convenient way of identifying its underlying CFT is to compute the "strange correlator theory" Z ΨSPT ≡ Ψ Trivial |Ψ SPT [125] . The idea behind this theory is that correlators of the type Ψ Trivial |O 1 O 2 |Ψ SPT measure observables on an edge in imaginary time between a trivial and a non-trivial SPT, and can therefore probe the edge physics. To complete the analogy with the FQH bulk-boundary correspondence, it was shown in [123] that |Ψ SPT can be written in terms of correlators in the Z ΨSPT CFT.
We will now calculate Z Ψ for both the gapped and gapless SPT. Let us first briefly review the gapped case [123, 125] . We focus on the triangular lattice, but the results generalize straightforwardly to the Union Jack lattice. Starting from Eqs. (13) and (14), one can use the 6 . Entanglement entropy of the 1+1D ground state of the entanglement Hamiltonian HE = − log ρ, with ρ the reduced density matrix for a bipartite cut on an infinite cylinder of circumference . Blue points are for |Ψ gTrivial and red points are for |ΨgSPT . Data is offset so that S(1/2) = 1.
fact that e iθ2D factors over domain walls to analytically sum the τ degrees of freedom over each domain wall separately. This yields [123] 
with L[dw] the total length of domain walls, N [dw] the total number of domain walls, x −1 = √ 2 and n = 2. Since domain walls form closed, non-intersecting loops, this can be identified as a dense (but not fully packed) loop model on the honeycomb lattice with loop fugacity n = 2 and loop tension x −1 = √ 2 [126] . For these parameters, this loop model is exactly solvable and is given by the SU (2) 1 CFT with central charge c = 1 [126] , in agreement with the edge field theory given in Eq. (15) .
The strange correlator theory for the gapless case can be calculated analogously by restricting to fully-packed loop configurations {dw}. This leads to
with n = 2 again. This loop model is also known to give a CFT, but with c = 2 instead [100] . Hence the bulk wavefunction of gSPT can be written as a correlator in a c = 2 CFT, which is good evidence for a c = 2 edge. It is remarkable that this imaginary-time edge picture holds for a non-relativistic bulk theory with z = 2. Notice that our analysis has provided us with a natural way of interpolating from the gapped SPT to the gapless SPT by tuning the loop tension x −1 from √ 2 to zero. In the following section, we will give further evidence by showing that the entanglement spectrum is given by a c = 2 theory as well.
D. Entanglement Spectrum
A useful property of entanglement cuts in systems that obey the area law for entanglement entropy [127, 128] is that the corresponding entanglement Hamiltonian can be interpreted as an "edge" Hamiltonian [120] . This correspondence between entanglement and edge Hamiltonians has been shown rigorously in certain cases [122] and has been very useful in the numerical identification of various topological phases of matter. While this technique has been mostly used so far for systems that are gapped in the bulk, we emphasize that this is not an inherent limitation. As long as the area law is respected, it is always possible in practice to interpret the entanglement Hamiltonian as an edge Hamiltonian (see for example Ref. [112] where a gapless chiral spin liquid is shown to have an entanglement spectrum described by a CFT).
Consider |Ψ gTrivial and |Ψ gSPT on cylinders of circumference and infinite length. We make an entanglement cut transverse to the cylinder, which splits it into two semi-infinite regions, and we compute the reduced density matrix ρ = e −H E . As explained in the Appendix, using special properties of our exact ground state wavefunctions, it is possible to show that they satisfy the area law [129] , to find the exact Schmidt decomposition, and thence compute the entanglement spectrum by numerical exact diagonalization of a two-dimensional transfer matrix. The reduced density matrix has support only on the entanglement cut, so it naturally describes a 1D system. Moreover, it has the form of a transfer matrix for a 2D statistical model, so the quantum-classical mapping provides H E as a local operator.
We find that for both gTrivial and gSPT, the spectral gap of H E goes like 1/ , indicating the edges are indeed gapless (see Appendix for details). To identify the CFT described by H E as a 1+1d theory on a circle, we compute the entanglement entropy S(x) of the ground state of H E for cuts of length x. We then apply the standard result of Cardy and Calabrese to extract the central charge [130, 131] : Figure 6 shows S(x) for the gTrivial and gSPT case. As → ∞, this converges from below [132] to (24) . In the inset, the central charges are seen to converge to c = 1 and c = 2 for the gTrivial and gSPT orders respectively.
We may thus conclude, having shown it by three independent and consistent methods, that the gapless Trivial state has an edge mode with central charge c = 1 while the gapless SPT case has c = 2 -recall however that only half of this edge is protected by the Z V. CONCLUSIONS Gapless symmetry protected order was proposed as a class of quantum matter. We provide a general construction for many gSPT systems by decorating the domain walls of gapless systems. To concretely understand gSPTs, we focused on two analytically solvable examples: a simple 1D system that extends the Ising model, and a gapless spin liquid in two dimensions. These demonstrate that gSPTs not only extend the crucial topological feature of SPTs -robust gapless edge modes -but also permit generalizations of tools developed for the gapped case, such as the bulk-boundary correspondence and the use of the entanglement spectrum as a probe of the edge. Both systems also exhibit exotic boundary behavior, including anomalous edge magnetization in the 1D example and, for 2D, z = 1 edge dynamics for a z = 2 system. Both in 1D and 2D, the gapless edge modes appear to be exponentially localized by the gap of the τ spins, even though they induce an algebraic disturbance for the σ spins into the critical bulk.
These are by no means the only gSPTs. To wit, in the 1D example one could straightforwardly replace the Ising spins with parafermions or a Potts model; 2D should permit a gapless topological state with relativistic Majorana edge modes using Majorana chains as decoration [133, 134] , and it might be possible to find 3D gapless spin liquids where analytic control over the decoration is possible [135] [136] [137] . Two-dimensional gSPT states could also be realized in realistic strongly correlated electronic systems [68, 83] .
More broadly, some of our examples can be interpreted as "twisted" quantum phase transitions between SPT and broken symmetry phases, which are expected to be more generic than direct transitions from trivial to SPT phases [80] [81] [82] . Even if the bulk universality class of such twisted transitions is the same as for quantum critical points between trivial paramagnets and symmetry-broken phases (and hence described by conventional Ginzburg-Landau theory), our results indicate that twisted transitions differ from regular transitions in terms of surface criticality, in agreement with recent Monte Carlo results [64] . From a field theory perspective, trivial paramagnets and gapped SPTs can be understood as non-linear sigma models in their gapped, disordered phase, the only difference being that the latter has a topological θ term with θ = 2π [34, 70] . It would be interesting to study the role of this θ term on the transition to symmetry-broken phases.
We also emphasize that our construction leads to gSPT states that are just as stable as the underlying gTrivial wavefunctions before applying the decoration. In particular, our construction yields stable gSPT phases by decorating Luttinger liquids in 1D (see section III C) or U (1) gauge theories in 3D (left for future work). It would also be interesting to relate gSPTs to other gapless topological states of matter, including gapless fractionalized states [65, 138, 139] , in particular by partially gauging the symmetries [28] . We leave these directions for future work and we hope that gapless SPTs might provide a useful starting point to systematically study gapless topological matter.
with #τ the number of τ spins. For a domain D, the phase factor e iθ(D) gives a factor of −1 for each triangle 
where Z L is the partition function on the left side, and is independent of τ L . Define |Ψ R SPT [σ ∂R , τ ∂R ] analogously on the right side. In a dual picture, the domain walls of the σ spins are isomorphic to configurations of the 6-vertex model. This local constraint would allow an exact Schmidt decomposition following [140] . However, different cuts make physical sense with domain walls instead of spins. (Indeed, using the domain walls leads to a factorization of the density matrix as a product of the σ and τ degrees of freedom.) We emphasize, therefore, that one must work with the actual spins. Conveniently, one may still use the local constraint on the σ spins together with the zero correlation length of the τ spins to find an exact Schmidt decomposition. We may rewrite the entire wavefunction as
where the sum over σ ∂L and σ ∂R is now unconstrained. Here T is the transfer matrix for the fully-packed loop model with loop fugacity one. Its role is to enforce the FPL constraint between the left and right sides. In the following, we will use the orthogonality property
(A5) Starting from the density matrix ρ = |Ψ gSPT Ψ gSPT |, we may use (A4) to immediately write the reduced density matrix on the left side: .
(A7)
The reduced density matrix manifestly depends only on the degrees of freedom at the entanglement cut whereas generically it might have depended on all the spins on the left side. If we define the entanglement Hamiltonian via ρ L = e −H E , then H E describes a 1+1d system on the boundary degrees of freedom. To compute the spectrum of H E on the cylinder, we use the fact that T σ ∂L σ ∂R e iθ(σ ∂L ,τ ∂L ,σ ∂R ,τ ∂R ) .
(A9) One can check that this is properly normalized: Tr ρ L = Tr SS t = 1. We now employ exact diagonalization. At size , S is a 2 3 /2 × 2 3 /2 matrix, making exact diagonalization practical for = 4, 8, 12. We restrict to being a multiple of four in order to stay in the symmetric ground state sector of the loop model. Since the τ part of the matrix is dense, larger sizes are impractical. However, in the gapless trivial case, we may discard the τ part and work on larger systems. For both the gapless trivial (where e iθ ≡ 1) and gapless SPT cases, the spectral gap for H E goes as 1/ , which indicates gaplessness with dynamical exponent z = 1. This is shown in Fig. 8 . By looking at the ground state of H E |0 = ε 0 |0 , we may determine the central charge of H E by making entanglement cuts in the (1+1d) edge system and comparing to the Cardy-Calabrese equation (24) . For each , a one parameter fit to the Cardy-Calabrese result was performed to extract the central charge. Fig. 6 shows that the central charge converges to c = 1 in the gapless trivial case and c = 2 in the gapless SPT case.
